Math 254-1 Exam 6 Solutions
. Carefully define the Linear Algebra term “independent”. Give two examples from R2.

A set of vectors is independent if no nondegenerate linear combination yields
0. Any single nonzero vector is independent, such as {(1,1)} or {(2, 3)}; also,
any basis is independent, such as {(1,0), (0,1)}.

. In the vector space My 3 of 2 x 3 matrices, set A= (132),B=(315),C=(%33).
Determine whether or not {A, B, C'} is independent.

Let E be the standard basis for My3. Then [AjJp = [1 2340 5],[Blg =
[24710113],[C]g =[1258211]. We put these row matrices into a larger
matrix (putting them as columns leads to a different equally valid approach),

. . 123405 123405
which we then put into echelon form: (24710113) ~ <001213>
1258 211 000000

This has two pivots, hence has rank 2, hence {A, B, C'} is dependent.

. In the vector space R3[z] of polynomials of degree at most 3, set u; = x® + 22 + 2x +
Lug=a—a22+x+1us =23 +522 +4o + 1,uy = 2% + 22° + 3z + 4.

Set S = span{uy,us, us,us}. Find the dimension of S, and a basis.

Let E = {1,z,2% 23} be the standard basis for Rs[z]. We have [u;]p =

[1211],[us]lp = [11-11),[us)lp = [1451],[ug]lp = [4321]. We put these

row matrices into a larger matrix (an alternate solution puts them as columns),
12 11 12 1 1

which we then put into echelon form: (i s i) ~ ( i 03>. This has
43 2 1 00 0 0

rank 3; hence dim S = 3. A basis for S is {1+z+22°+23, —x—22% 8r*—323}.

4. In the vector space R?, set S = {(1,1),(4,5)}, a basis. Find the change-of basis matrix

5. In the vector space R?, set T'

from the standard basis to S, and use this matrix to find [(5, —3)]s.

Pps = ([s1]p [s2]g) = (1 8); Psp = Ppg = (5, ') is the desired change-of-
basis matrix. We find [(5, —3)]s = Psg ( %) = [ *%].

{(1,1,1),(0,1,2),(1,1,3)}, a basis. Find [(1,2,2)]7.

101 1 /2.1 —1/2 .
Per = ([ti]e [to]E [ts]e) = (% ! :1,)>, Prg = P = A 1(/)2 is the de-

sired change-of-basis matrix, found by applying ERO’s to (Pgr|I) until we
3/2
achieve ([’PTE) We find [(1,2, 2)]T = PTE (é) = |: | :| .
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